FEBRUARY 1985

o) )
o -5 w/y 10

Fig. 1 Velocity profiles at the center symmetric plane.
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Fig.2 Temperature profiles at the center symmetric plane.
where Pr.is the Prandtl number, 7,=d7/du, and T,, =
d?T/du?. When Pr=1, we have
Tuu: - (I/Cp) (9)

which is the same form as that for two-dimensional flow.
Integrating Eq. (9) twice and with the aid of Eq. (5), we have
the temperature distribution

LonEe-s)

Again, it is the same form as that for incompressible flow.

The velocity profile cannot be plotted easily in terms of real
coordinates y and z, because both y, and z, depend on the
temperature and the temperature depends on the velocity.
Also, an explicit expression cannot be obtained as in the case
of two-dimensional flow. Thus, the profiles were obtained by
the iteration approach. The incompressible velocity profile is
used as the initial profile to calculate the temperature. Then,
the new velocity is calculated in terms of the real coordinates.
Figure 1 shows the velocity profile at the center symmetric
plane for the values of 7,/T,. Figure 2 shows the tem-
perature distribution. The incompressible case is also shown.
It can be observed that there is a thickening of the velocity and
temperature boundary layer with increase of velocity, which
agrees with the two-dimensional case.
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Nonreflecting Boundary Conditions for
the Complete Unsteady Transonic
Small-Disturbance Equation

Woodrow Whitlow Jr.* and David A. Seidel*
NASA Langley Research Center, Hampton, Virginia

Introduction

NE of the most widely used programs for transonic

unsteady aerodynamic analysis is the LTRAN2 code of
Ballhaus and Goorjian.! That code is used to solve the low-
frequency, transonic small-disturbance (TSD) equation

A¢xr=B¢xx+¢yy (l)

where ¢ is a disturbance velocity potential normalized by
cUbs%3, c the airfoil chord, & the airfoil thickness ratio, and U
the freestream speed. The coefficient A =2kM?2/6%/3, where
for an oscillation frequency w, k=wc/U, and M, is the
freestream Mach number. The coefficient

I-M2
B= " ~Mi(y+ D)o,

where v is the ratio of specific heats. The spatial coordinates x
and y and time ¢ are normalized by ¢, ¢/6°, and w~/,
respectively. Steady-state boundary conditions are used at the
airfoil, in the wake, and in the far field.

Houwink and van der Vooren? improved LTRAN2 by
adding unsteady terms to the airfoil and wake boundary
conditions; the resuiting code is LTRAN2-NLR. Hessenius
and Goorjian® added a time derivative term to the down-
stream condition, as well as unsteady airfoil and wake con-
ditions. Their code, LTRAN2-HI, has been validated in the
transonic range by a series of comparisons with experimental
data.

The steady-state far-field conditions cause disturbances
incident on the computational boundaries to be reflected back
into the computational domain. As a result, in LTRAN2 and
its variations, the boundaries are placed far enough in the far
field such that reflected disturbances do not reach the airfoil
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during the computations and cause errors in the calculated
solutions. In 1980, Kwak* incorporated the nonreflecting
boundary conditions of Engquist and Majda® into LTRAN?2.
That allowed a reduction in the physical extent of the com-
putational grid and resulted in a savings of 10-24% in the
computer time required to complete a calculation.

Since LTRAN2 is limited to the analysis of airfoils un-
dergoing low-frequency motions, a program XTRAN2L,®
which is used to solve the complete TSD equation

Cody+Ad,, =B+ ¢yy 2

(C=k*M?2,/8*3), has been developed at the NASA Langley
Research Center. The XTRAN2L code is a modification of
LTRAN2-NLR. Solutions of Eq. (2) are obtained using the
alternating-direction-implicit scheme of Rizzetta and Chin.’
However, the boundary conditions of Ref. 5 are not com-
patible with Eq. (2). In this Note, nonreflecting far-field
boundary conditions that are consistent with the complete
TSD equation are presented, along with some representative
results that show their effectiveness.

Determination of the Boundary Conditions
Assuming B to be locally constant, the transformations

¢=x/VB
7= (A/BD)x+ (2/D)t

where D=+4C+ A?/B, were used to transform Eq. (2) into
the wave equation

G =G + by, (3)
A nonreflecting far-field condition for Eq. (3) is?

b+, +¢/2r=0 “)

with rZ=§¢2+3?. In untransformed coordinates, Eq. (4)
becomes

¢

5, =0 o)

1 Ax X y
(24D z z
2< Br+ )(b'-ihrd)x‘Frq‘)y+

Allowing x to approach — o in Eq. (5) with y finite, the

following first-order plane wave condition at the upstream
boundary is obtained:

LG ) e—ee=0 ©

Similarly, letting x— + oo with y finite results in the down-
stream condition

(Chrgorse o

At the top and bottom boundaries, y— + o with x finite and
Eq. (5) becomes .

(D/2)¢, x£6,=0 @®)

where + and — represent the top and bottom boundaries,
respectively. The function ¢ =f(r—7) is a solution of Eq. (3)
which represents the outgoing waves. Using that solution to
replace ¢, by —(2B/D) [(x/r) — (A/D)] !¢, (asin Ref. 4),
Eq. (8) becomes

(BD/A)$, x,=0 ©
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Fig. 1 Unsteady lift coefficient for an NACA 64A010 (M, = 0.825,
k=10.5).

When C=0, Egs. (6-9) reduce to those presented in Ref. 4 for
the low-frequency equation.

Results

One test of the boundary conditions was to calculate un-
steady forces on an NACA 64A010 airfoil pitching har-
monijcally (about its quarter chord) +0.25 deg about a 0 deg
mean angle of attack at M, =0.825 and k=0.5. A reference
solution was calculated for four cycles of oscillation (360
steps/cycle) on a 113 x97 grid (in x,y) that extended +200
chords (c) in x (the streamwise direction) and 709 ¢ in y. The
grid was reduced to 88 X 65 (—3.8¢<x=<3.5¢, ly1<9.3¢) and
the calculations were repeated with and without the
nonreflecting boundary conditions. The lift coefficients ¢, for
the last cycle of oscillation are shown in Fig. 1. When the
steady-state far-field conditions were used on the small grid,
disturbances reflected from the boundaries caused the
calculated lift to deviate significantly from the large-grid
value. After the nonreflecting boundary conditions were
implemented, most of the disturbances incident on the
boundaries were absorbed and the small-grid results showed
good agreement with the reference calculations. Compared
with the time required to generate the large-grid solution
(3215 s ona CDC CYBER 173), using Egs. (6), (7), and (9) on
the small grid resulted in a 44% savings in computer time.
(The small-grid solution with nonreflecting boundary con-
ditions required 1815 s.)

Another test of the boundary conditions was to calculate
the unsteady force response for a flat-plate airfoil with a pulse
change in angle of attack. The calculations were made for
M, =0.85 on an 80X 61 grid that extended +20c in x and
+25¢ in y. Using the pulse/transfer function technique
described in Ref. 9, the frequency response function for the
unsteady lift curve slope ¢, was obtained first with steady-
state conditions implemented on the boundaries and then with
nonreflecting conditions at the boundaries. A flat plate airfoil
was used to allow comparisons of the forces calculated using
XTRAN2L with those predicted using the exact kernel
function method of Bland.!® Figure 2a shows such a com-
parison when reflecting boundary conditions were used in
XTRAN2L. Below £=0.5, the finite difference results had
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Fig. 2a Force response for flat plate (M, =0.85, reflecting bound-
ary conditions used in XTRAN2L).
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Fig. 2b Force response for flat plate (M, =0.85, nonreflecting
boundary conditions used in XTRAN2L).

spurious oscillations due to reflected disturbances from the
boundaries. When the nonreflecting boundary conditions
were used (Fig. 2b), the reflected disturbances were small and
good agreement with the exact solution was obtained.
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Conclusions

Nonreflecting far-field boundary conditions that are
consistent with the complete transonic small-disturbance
(TSD) equation have been derived. They were implemented in
a new code for solving the complete TSD equation and were
tested for a harmonically oscillating NACA 64A010 airfoil in
transonic flow and for a flat-plate airfoil with a pulse in the
angle of attack. Using the new boundary conditions on a
relatively small grid, solutions for an NACA 64A010 airfoil
that agreed with the large-grid calculations were obtained with
a 44% savings in computer time. Frequency responses for the
flat plate showed that most of the disturbances incident on the
computational boundaries were absorbed by the boundary
conditions.
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A New Self-Adaptive Grid Method
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Introduction

HE numerical solution of fluid flow and/or heat and
mass transfer problems often entails the necessity to place
a high concentration of finite difference points in regions of
large gradients, in order to obtain adequate resolution of
relevant parameters. In particular, there are many transient
situations in which it is desirable to permit the difference grid
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